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A classification is given for globally generated vector bundles E of rank k on Pn having
first Chern class c1(E) = 2. In particular, we get that they split if k < n unless E is a
twisted null-correlation bundle on P3. In view of the well-known correspondence between
globally generated vector bundles and maps to Grassmannians, we obtain, as a corollary,
a classification of double Veronese embeddings of Pn into a Grassmannian G(k − 1,N) of
(k− 1)-planes in PN .
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1. Introduction
Let E be a globally generated vector bundle of rank k on Pn and let c1(E) denote its first Chern class. Necessarily
c1(E) ≥ 0, with equality if and only if E ∼= O⊕kPn . Furthermore, c1(E) = 1 if and only if either E ∼= OPn(1) ⊕ O⊕k−1Pn or
E ∼= TPn(−1)⊕ O⊕k−nPn .
A classification of globally generated vector bundles E of rank two on Pn with c1(E) = 2 was given in [1, Proposition
2.11] obtaining, as a corollary, that E splits as a sum of two line bundles if n > 2 unless E is a twisted null-correlation bundle
on P3. Extending these results, in this paper we classify globally generated vector bundles E on Pn of arbitrary rank such
that c1(E) = 2. Our main result is the following:
Theorem 1.1. Let E be a globally generated vector bundle of rank k on Pn. If c1(E) = 2 then one of the following holds:
(i) E ∼= OPn(2)⊕ O⊕k−1Pn .
(ii) E ∼= OPn(1)⊕ OPn(1)⊕ O⊕k−2Pn .
(iii) 0→ OPn → OPn(1)⊕ TPn(−1)⊕ O⊕k−nPn → E → 0, with k ≥ n.
(iv) n = 3 and E ∼= ΩP3(2)⊕ O⊕k−3P3 , or E ∼= NP3(1)⊕ O⊕k−2P3 , whereNP3 is a null-correlation bundle.
(v) 0→ OPn(−1)⊕ OPn(−1)→ O⊕k+2Pn → E → 0, with k ≥ n.
(vi) 0→ OPn(−2)→ O⊕k+1Pn → E → 0, with k ≥ n.
As a consequence of Theorem 1.1, we get the following characterization of null-correlation bundles on P3:
Corollary 1.2. Let E be a globally generated vector bundle of rank k < n on Pn. If c1(E) = 2 and E does not split then E is a
twisted null-correlation bundle on P3.
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In [1], we considered globally generated vector bundles E of rank two on Pn with c1(E) = 2 to classify double
Veronese embeddings of Pn into a Grassmannian of lines G(1,N). Maps from Pn to Grassmannians were first studied by
Tango in a series of papers [2–4]. We recall that giving a globally generated vector bundle E of rank k on X , a linear
subspace V ⊂ H0(X, E) of dimension N + 1 and an epimorphism V ⊗ OX → E → 0 is equivalent to giving a map
ϕV : X → G(k− 1,N) from an algebraic variety X to the Grassmannian of (k− 1)-planes in PN . From this point of view, we
say that ϕV : Pn → G(k− 1,N) is a double Veronese embedding of Pn if ϕV is an embedding and c1(E) = 2. It is a natural
problem to study Veronese embeddings of Pn in Grassmannians (see [5, Remark 3.3.15]).
As a byproduct of Theorem 1.1, we can describe any double Veronese embedding of Pn into a GrassmannianG(k− 1,N),
extending the result obtained in [1].
Corollary 1.3. Let ϕV : Pn → G(k− 1,N) be a double Veronese embedding of Pn corresponding to a globally generated vector
bundle E of rank k on Pn with c1(E) = 2 and a linear subspace V ⊂ H0(E) of dimension N + 1. Then one of the following holds:
(i) E ∼= OPn(2) and 2n ≤ N ≤
(
n+2
2
)
− 1.
(ii) E ∼= OPn(1)⊕ OPn(1) and n+ 1 ≤ N ≤ 2n+ 1.
(iii) E ∼= OPn(1)⊕ TPn(−1) and 2n ≤ N ≤ 2n+ 1, or 0→ OPn → OPn(1)⊕ TPn(−1)→ E → 0 and N = 2n.
(iv) n = 3 and E ∼= ΩP3(2) with 4 ≤ N ≤ 5, or E ∼= NP3(1) with N = 4.
(v) 0→ OPn(−1)⊕ OPn(−1)→ O⊕k+2Pn → E → 0, with n ≤ k ≤ 2n and N = k+ 1.
(vi) 0→ OPn(−2)→ O⊕k+1Pn → E → 0, with 2n ≤ k ≤
(
n+2
2
)
− 1 and N = k.
(vii) E ∼= E ′ ⊕ O⊕rPn and N = N ′ + r with (E ′,N ′) as in (i)–(vi).
The paper is structured as follows: in Section 2 we recall some results about vector bundles on Pn. Section 3 is devoted to
prove Theorem 1.1. Finally, we obtain in Section 4 the classification of double Veronese embeddings ϕV : Pn → G(k−1,N)
stated in Corollary 1.3.
2. General results
We work over the field of complex numbers. Let E be a vector bundle on Pn.
Definition 1. (i) We say that E splits if it is a direct sum of line bundles.
(ii) We say that E is a trivial extension of E ′ if E ∼= E ′ ⊕ O⊕rPn .
(iii) We say that a vector bundle F is a quotient of E if there exists an exact sequence 0 → O⊕sPn → E → F → 0,
corresponding to s sections of E .
Remark 1. The terminology F is a quotient of E is not the usual one, and can be misleading.
Let us recall some lemmas on globally generated vector bundles that will be used throughout the paper.
Lemma 1 ([6, Ch. I Lemma 4.3.1]). Let E be a globally generated vector bundle of rank k > n on Pn. Then there exists a vector
bundle F and an exact sequence 0→ O⊕k−nPn → E → F → 0.
Lemma 2 ([6, Ch. I Lemma 4.3.2]). Let E be a globally generated vector bundle of rank k ≤ n on Pn. If ck(E) = 0, then there
exists a vector bundle F of rank k− 1 and an exact sequence 0→ OPn → E → F → 0.
Remark 2. In particular, in both lemmas F is a globally generated vector bundle with c1(F ) = c1(E).
The following result can be found in [7, Lemma 3.9]. Its proof is included for the reader’s convenience.
Lemma 3. Let E be a globally generated vector bundle on Pn and let E∗ denote its dual bundle. If h0(E∗) = r, then there exists
a globally generated vector bundle E ′ such that E ∼= E ′ ⊕ O⊕rPn and h0(E ′∗) = 0.
Proof. Since E is globally generated we have a surjection H0(E) ⊗ OPn → E → 0. Since h0(E∗) = r we also have a
surjection E → OrPn → 0, whose kernel is denoted by E ′. The composition of both surjections H0(E) ⊗ OPn → OrPn → 0
necessarily splits, whence E → OrPn → 0 also splits and E ∼= E ′ ⊕ OrPn . Moreover h0(E ′∗) = 0. 
Regarding non-trivial extensions, we have the following:
Lemma 4. Let E be a globally generated vector bundle on Pn. If h1(E∗) = s, then there exists a globally generated vector bundle
G such that h0(G∗) = h0(E∗), h1(G∗) = 0, and an exact sequence 0→ O⊕sPn → G→ E → 0.
Proof. The exact sequence 0 → O⊕sPn → G → E → 0 can be easily obtained by induction on s, having in mind that
Ext1(E,OPn) ∼= H1(E∗). Moreover, since E and O⊕sPn are globally generated G is also globally generated. It follows from the
dual sequence 0→ E∗ → G∗ → O⊕sPn → 0 that h0(G∗) = h0(E∗) and h1(G∗) = 0. 
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The following lemma will be useful in what follows.
Lemma 5. Let E be a globally generated vector bundle of rank k on Pn. If h0(E(−c1(E))) 6= 0, then E ∼= OPn(c1(E))⊕ O⊕k−1Pn .
Proof. This is a particular case of [8, Proposition 1]. 
Finally, we will also need the following result (see for instance [6, Ch. I Theorem 2.3.2]).
Theorem 2.1. A vector bundle on Pn splits precisely when its restriction to some P2 ⊂ Pn splits.
3. Proof of Theorem 1.1
Let E be a globally generated vector bundle of rank k on Pn. Then c1(E) ≥ 0, with equality if and only if E ∼= O⊕kPn (see [6],
p. 53). Furthermore, globally generated vector bundles on Pn are well known if c1(E) = 1.
Proposition 3.1. Let E be a globally generated vector bundle of rank k on Pn. Then c1(E) = 1 if and only if either E ∼=
OPn(1)⊕ O⊕k−1Pn , or E ∼= TPn(−1)⊕ O⊕k−nPn .
Proof. Since E is globally generated and c1(E) = 1 it follows that EL ∼= OL(1)⊕ O⊕k−1L for every line L ⊂ Pn, whence E is
uniform with splitting type (1, 0, . . . , 0). Then the result follows from [9, IV- 2.2 : Proposition]. 
From now on, let E be a globally generated vector bundle of rank k on Pn with c1(E) = 2 and n, k ≥ 2.
Proposition 3.2. Assume h0(E(−2)) = h0(E∗) = h1(E∗) = 0 and h0(E(−1)) 6= 0. Then either E ∼= OPn(1) ⊕ OPn(1), or
E ∼= OPn(1)⊕ TPn(−1).
Proof. Let σ ∈ H0(E(−1)) be a non-zero section. Consider the corresponding exact sequence of sheaves
0→ OPn → E(−1)→ F → 0. (1)
If F is a vector bundle then F (1) is globally generated and c1(F (1)) = 1. Since h0(E∗) = 0 we get h0(F ∗(−1)) = 0,
so F (1) is either OPn(1) or TPn(−1) by Proposition 3.1 and Lemma 3. Therefore either E ∼= OPn(1) ⊕ OPn(1), or E ∼=
OPn(1)⊕ TPn(−1) as Ext1(F ,OPn) ∼= H1(F ∗) = 0.
If F is not a vector bundle then σ vanishes just at a point P . To the contrary, let Q be another point (maybe infinitely
close to P) where σ vanishes and let L ⊂ Pn be the line joining P and Q . Restricting (1) to L, we get 0 → OL(1) → EL →
FL(1) → 0. Since 2 = c1(EL) = c1(OL(1)) + c1(FL(1)) = 1 + c1(FL(1)) and P,Q ∈ (σ )0, we get that σ vanishes on
L. Let H ⊂ Pn be the hyperplane where σ vanishes (now we think of σ as an element of H0(E)), and let L′ ⊂ H be a
general line meeting L. Let Π ⊂ Pn be the plane spanned by L and L′. Note that σ cannot be identically zero on Π since
otherwise σ would be identically zero on Pn. Then h0(EΠ (−2)) 6= 0, so Lemma 5 yields EΠ ∼= OΠ (2) ⊕ O⊕k−1Π . Hence
E ∼= OPn(2) ⊕ O⊕k−1Pn by Theorem 2.1, and we get a contradiction. We now claim that h1(F ∗) = 0. Assume the claim
proved. Then E(−1) ∈ Ext1(F ,OPn) ∼= H1(F ∗) = 0, whence E(−1) ∼= F ⊕ OPn . This is a contradiction since E is a vector
bundle but F is not. Let us prove the claim. Consider the two exact sequences 0→ F ∗ → E∗(1)→ IP → 0 (which is the
dual of Eq. (1)) and 0→ E∗ → E∗(1)→ E∗H ′(1)→ 0, where H ′ ⊂ Pn is a hyperplane with P 6∈ H ′. Taking cohomology we
see that h1(E∗H ′(1)) = 0 ⇒ h1(E∗(1)) = 0 ⇒ h1(F ∗) = 0 and hence, in order to prove the claim it is enough to prove
that h1(E∗H ′(1)) = 0. In the restriction sequence 0 → OH ′ → EH ′(−1) → FH ′ → 0, as P 6∈ H ′, the sheaf FH ′ turns out to
be a vector bundle such that FH ′(1) is globally generated and c1(FH ′(1)) = 1. Therefore FH ′(1) is either OH ′(1) ⊕ O⊕k−1H ′
or TH ′(−1)⊕ O⊕k+1−nH ′ . We conclude by observing that Ext1(FH ′ ,OH ′) ∼= H1(F ∗H ′) = 0, whence EH ′(−1) ∼= FH ′ ⊕ OH ′ and
h1(E∗H ′(1)) = 0. 
Corollary 3.3. Assume h0(E(−2)) = 0 and h0(E(−1)) 6= 0. Then one of the following holds:
(i) E ∼= OPn(1)⊕ OPn(1)⊕ O⊕k−2Pn
(ii) 0→ OPn → OPn(1)⊕ TPn(−1)⊕ O⊕k−nPn → E → 0 with k ≥ n.
Proof. Let h0(E∗) = r and h1(E∗) = s. By Lemmas 3 and 4 we have E ∼= E ′ ⊕ O⊕rPn and 0 → O⊕sPn → G → E → 0 with
h1(G∗) = 0 and h0(G∗) = r . Hence G ∼= G′ ⊕ O⊕rPn and h0(G′∗) = h1(G′∗) = 0. Moreover, we have 0→ O⊕sPn → G′ → E ′ →
0. Furthermore h0(G′(−1)) = h0(E ′(−1)) = h0(E(−1)) 6= 0, so either G′ ∼= OPn(1)⊕OPn(1) or G′ ∼= OPn(1)⊕ TPn(−1) by
Proposition 3.2. If G′ ∼= OPn(1)⊕ OPn(1) then c2(G) = c2(G′) 6= 0, so s = 0 and we get (i). If G′ ∼= OPn(1)⊕ TPn(−1) then
cn(G) = cn(G′) 6= 0. Hence necessarily s ≤ 1 or, equivalently, we have (ii). 
Proposition 3.4. If h0(E(−1)) = 0 but h0(EH(−1)) 6= 0 for some hyperplane H ⊂ Pn, then n ≤ 3. Furthermore, if n = 3 then
either E ∼= ΩP3(2)⊕ O⊕k−3P3 , or E ∼= NP3(1)⊕ O⊕k−2P3 .
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Proof. If h0(EH(−1)) 6= 0 then EH is as in Corollary 3.3. If EH ∼= OH(1)⊕ OH(1)⊕ O⊕k−2H then E splits by Theorem 2.1 and
we get a contradiction. Therefore EH is given by 0 → OH → OH(1) ⊕ TH(−1) ⊕ O⊕k−n+1H → E → 0 with k ≥ n − 1.
Consider the exact sequence 0 → E(−j − 1) → E(−j) → EH(−j) → 0. If n ≥ 4 then hi(EH(−j)) = 0 for i = 0, 1
and j ≥ 2. Therefore, hi(E(−j)) = 0 in the same range by Serre’s vanishing theorem. In particular, h1(E(−2)) = 0. Then
h0(E(−1)) = h0(EH(−1)) = 0, and we get a contradiction. So n ≤ 3. The second statement is proved in the following
lemma. 
Lemma 6. Let n = 3 and h0(E(−1)) = 0. If EH is as in Corollary 3.3 (ii) for some plane H ⊂ P3, then either E ∼= ΩP3(2)⊕Ok−3P3
or E ∼= NP3(1)⊕ Ok−2P3 .
Proof. Note that c2(E) = 2. Then, a section of E vanishes along two lines if k = 2. Hence E ∼= NP3(1). Assume now
k = 3. Riemann–Roch’s theorem says χ(E) = 16 (c1(E)3 − 3c1(E)c2(E) + 3c3(E)) + c1(E)2 − 2c2(E) + 2212 c1(E) + 3
(see for instance [10, Example 15.2.5 (a)]). In this case c1(E) = c2(E) = 2, so χ(E) = 12 c3(E) + 6. Since h0(E) ≤ 6,
h3(E) = h0(E∗(−4)) = 0 and h2(E) = h1(E∗(−4)) = 0 we get−h1(E) ≥ 12 c3(E), so c3(E) = 0. Therefore, by Lemma 2 we
have 0→ OP3 → E → F → 0 and F is a vector bundle, whence F ∼= NP3(1) by the case k = 2. So E is eitherΩP3(2) or
NP3(1)⊕ OP3 . Finally, if k > 3 we consider the exact sequence 0→ O⊕k−3P3 → E → F → 0 of Lemma 1. Then F is either
ΩP3(2) orNP3(1)⊕ OP3 by the case k = 3. So we eventually get that E is eitherΩP3(2)⊕ Ok−3P3 , orNP3(1)⊕ Ok−2P3 . 
Proposition 3.5. If h0(EP2(−1)) = 0 for some P2 ⊂ Pn, then one of the following holds:
(i) 0→ OPn(−1)⊕ OPn(−1)→ O⊕k+2Pn → E → 0 with k ≥ n.
(ii) 0→ OPn(−2)→ O⊕k+1Pn → E → 0 with k ≥ n.
Proof. Consider a ladder P1 ⊂ P2 ⊂ · · · ⊂ Pn of linear subspaces and the exact sequence 0 → EPm(−2) → EPm(−1) →
EPm−1(−1) → 0. For 2 ≤ m ≤ n we have h0(EPm(−2)) = 0 by Lemma 5, so we get h0(EPm(−1)) ≤ h0(EPm−1(−1)).
Therefore, h0(EPm(−1)) = 0 for 2 ≤ m ≤ n, which yields h0(E) ≤ h0(EP1) = k + 2. Moreover, necessarily h0(E) ≥ k + 1
as E is globally generated and non-trivial. If h0(E) = k + 2 then we have 0 → K → O⊕k+2Pn → E → 0, where K is a
vector bundle of rank two with c1(K) = −2. Since h1(KP2(−j)) = 0 for j ≥ 0 by the exact sequence restricted to P2, and
h1(KP2(j)) = h1(K∗P2(−3 − j)) = h1(KP2(−1 − j)) = 0 for j ≥ 0, it follows from Horrocks’ theorem [11] thatKP2 splits.
SoK also splits by Theorem 2.1, whenceK ∼= OPn(−1)⊕OPn(−1) and we get (i). On the other hand, if h0(E) = k+ 1 then
we have 0→ OPn(−2)→ O⊕k+1Pn → E → 0, yielding (ii). In both cases cn(E) 6= 0, whence k ≥ n. 
We can now prove the main result of the paper:
Proof of Theorem 1.1. If h0(E(−2)) 6= 0, then we obtain (i) by Lemma 5. If h0(E(−2)) = 0 but h0(E(−1)) 6= 0, then
we get (ii) and (iii) by Corollary 3.3. If h0(E(−1)) = 0 but h0(EH(−1)) 6= 0 for some hyperplane H ⊂ Pn, then n ≤ 3
and for n = 3 we get (iv) by Proposition 3.4. Furthermore, we point out that there is no vector bundle E on P4 such that
EH ∼= ΩP3(2) ⊕ O⊕k−3P3 or EH ∼= NP3(1) ⊕ O⊕k−2P3 . Otherwise c3(E) = 0, so there would be a rank-2 quotient of E and we
would get a contradiction (see for instance Schwarzenberger condition in [6, p.113]). If h0(E(−1)) = 0 and either n 6= 3, or
n = 3 and h0(EP2(−1)) = 0 for every P2 ⊂ P3, we get h0(EP2(−1)) = 0 for every plane P2 ⊂ Pn. In that case, we eventually
get (v) and (vi) by Proposition 3.5. 
Remark 3. (a) In case (iii) E is either OPn(1)⊕ TPn(−1)⊕ O⊕k−n−1Pn , or a trivial extension of a rank-n quotient of OPn(1)⊕
TPn(−1).
(b) The bundle E ∼= TPn(−1) ⊕ TPn(−1) and its quotients of rank k, with n ≤ k ≤ 2n − 1, are obtained in case (v) in
Theorem 1.1.
4. Double Veronese embeddings of Pn in Grassmannians
In this section we classify double Veronese embeddings of Pn in Grassmannians. We recall first the correspondence
between globally generated vector bundles and maps to Grassmannians.
If E is a globally generated vector bundle of rank k on an algebraic variety X and V ⊂ H0(X, E) is a linear subspace of
dimension N + 1, any epimorphism V ⊗OX → E → 0 determines a regular morphism ϕV : X → G(k− 1,N). Conversely,
every regular morphism ϕ : X → G(k − 1,N) corresponds to a globally generated vector bundle E of rank k on X and
an epimorphism V ⊗ OX → E → 0. In both cases E ∼= QX , where Q denotes the universal quotient bundle of rank k on
G(k − 1,N) and QX denotes its restriction to ϕ(X) ⊂ G(k − 1,N). In particular, for k = 1 we recover the correspondence
between globally generated line bundles and maps to projective spaces. Moreover, for any epimorphism V ⊗OX → E → 0
we get an exact sequence of vector bundles
0→ K → V ⊗ OX → E → 0 (2)
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so V ∗ ⊗ OX → K∗ → 0 is also an epimorphism and hence the pair (K∗, V ∗) defines a map φV∗ : X → G(N − k,N). We
refer to φV∗ as the dual map of ϕV . It follows that ϕV (X) and φV∗(X) are naturally isomorphic by the duality G(k− 1,N) ∼=
G(N − k,N).
Maps from Pn to Grassmannians of (k−1)-planes given by globally generated vector bundles were first studied by Tango
in [2] for k = 2, and in [3,4] for k > 2. The main result of [2] is a classification of embeddings of Pn in G(1, n + 1) (see
Theorems 5.1 and 6.2).
In [1] we classified double Veronese embeddings of Pn in Grassmannians of lines. That is, we determined all globally gen-
erated vector bundles E of rank two on Pn with c1(E) = 2, and then we obtained the possible dimensions of subspaces V ⊂
H0(E) such that the corresponding map ϕV : Pn → G(1,N) is an embedding. To this aim, we first described what we called
Grassmannian linearly normal embeddings of Pn inG(1, P(H0(E))) given by V = H0(E), and then we considered isomorphic
projections to G(1, P(V )) given by proper subspaces V ⊂ H0(E) (see, respectively, [1, Theorem 2.12 and Lemma 3.2]).
As a byproduct of Theorem 1.1, we can extend this results to obtain a classification of double Veronese embeddings of Pn
in any Grassmannian G(k− 1,N). Let us show first some basic examples:
Example 1. If E ∼= OPn(2) and V = H0(E)we get the usual double Veronese embedding of Pn in P
(
n+2
2
)
−1.
Example 2. If E ∼= OPn(1) ⊕ OPn(1) and V = H0(E) we get a double Veronese embedding of Pn in G(1, 2n + 1).
Geometrically, we have the family of lines joining the corresponding points by an isomorphism between two disjoint Pn’s
in P2n+1.
Example 3. If E ∼= ΩP3(2) and V = H0(E)we obtain a double Veronese embedding of P3 in G(2, 5). Geometrically, we get
one of the two families of planes contained in a smooth quadric Q 4 ⊂ P5.
Example 4. If E ∼= OPn(1) ⊕ TPn(−1) and V = H0(E) we get a double Veronese embedding of Pn in G(n, 2n + 1).
Geometrically, we have a correlation between two disjoint Pn’s and we get the family of Pn’s spanned by a point of a Pn
and the corresponding hyperplane of the other Pn.
Example 5. If E ∼= TPn(−1) ⊕ TPn(−1) and V = H0(E) we get a double Veronese embedding of Pn in G(2n − 1, 2n +
1). Geometrically, we have the family of P2n−1 spanned by the corresponding Pn−1’s by an isomorphism between the
hyperplanes of two disjoint Pn’s in P2n+1.
Example 6. If E has a resolution 0→ OPn(−2)→ OM+1Pn → E → 0 and V = H0(E), we get a double Veronese embedding
of Pn in G(M − 1,M) ∼= PM whereM =
(
n+2
2
)
− 1.
Remark 4. Note that Examples 1 and 6 (respectively, Examples 2 and 5) are dual in the sense of the exact sequence (2).
Moreover Example 3 (respectively, Example 4) is self-dual.
These examples are the building blocks of all double Veronese embeddings of Pn in Grassmannians, since the other ones
are obtained from them by considering either proper subspaces V ⊂ H0(E), or quotients 0 → O⊕sPn → E → F → 0, or
trivial extensions E ⊕ O⊕rPn of the above vector bundles. This claim is explained in detail in the following remarks.
Remark 5. In Example 1, we obtain a double Veronese embedding of Pn in PN for 2n ≤ N ≤
(
n+2
2
)
− 2 by projecting from
a suitable linear subspace of P
(
n+2
2
)
−1.
In Example 2, we obtain a double Veronese embedding of Pn inG(1,N) for n+1 ≤ N ≤ 2n by projecting from a suitable
linear subspace of P2n+1 (see [12]).
In Example 4, we obtain a double Veronese embedding of Pn inG(n−1, 2n) by projecting from a general point P ∈ P2n+1
since inG(n, 2n+ 1) any two Pn’s of the family (even infinitely close) intersect in a Pn−2. Hence there are no Pn+1’s in P2n+1
passing through P and containing two Pn’s of the family.
In Example 3, we also obtain a double Veronese embedding of P3 in G(2, 4) by projecting from a general point P ∈ P5.
As in Example 4, it follows from the fact that any two planes of the family intersect in a point.
Remark 6. In Example 4, we obtain an embedding of Pn inG(n−1, 2n) by taking a quotient of E of rank n. This is equivalent
to project to G(n, 2n) the embedding given by E in G(n, 2n+ 1) and then dualize to G(n− 1, 2n).
In Example 3, we can take a quotient of ΩP3(2) of rank two to obtain a twisted null-correlation bundle NP3(1) on P3.
This bundle gives an embedding of P3 in G(1, 4). Geometrically, it corresponds to the family of lines of a smooth quadric
Q 3 ⊂ P4.
In Example 5, we obtain an embedding of Pn inG(k−1, k+1) for n ≤ k ≤ 2n−1 by taking a quotient of E of rank k. This
is equivalent to embed Pn inG(1, 2n+ 1) byOPn(1)⊕OPn(1), project it isomorphically intoG(1, k+ 1) for n ≤ k ≤ 2n− 1
and then dualize to G(k − 1, k + 1). Note that if E is either TPn(−1) ⊕ TPn(−1) or one of its quotients then E is a Steiner
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bundle and has a resolution 0→ OPn(−1)⊕ OPn(−1)→ O⊕k+2Pn → E → 0, where n ≤ k ≤ 2n. In particular, if k = n we
obtain geometrically the family of n-secant Pn−1’s of a rational normal curve in Pn+1.
In Example 6, we also obtain an embedding of Pn inG(k−1, k) ∼= Pk for 2n ≤ k ≤ M−1 by taking a quotient of E of rank
k. This is equivalent to embed Pn in PM , project it isomorphically to Pk for 2n ≤ k ≤ M − 1 and then dualize to G(k− 1, k).
Remark 7. Finally, we can always obtain new examples just by adding trivial summands O⊕rPn to the bundles E giving the
former Veronese embeddings.
Proof of Corollary 1.3. We can assume h0(E∗) = 0 by Lemma 3. In view of Theorem 1.1 we have to consider several cases:
If E ∼= OPn(2), then 2n ≤ N ≤
(
n+2
2
)
− 1.
If E ∼= OPn(1)⊕ OPn(1), it is known that n+ 1 ≤ N ≤ 2n+ 1 (see [12]).
If E ∼= ΩP3(2) and N = 3, then we would get a double Veronese embedding of P3 in G(2, 3) ∼= P3, a contradiction. So
necessarily 4 ≤ N ≤ 5. If E ∼= NP3(1) then N = 4 (see [1, Lemma 3.2]).
If E ∼= OPn(1)⊕TPn(−1), then by self-duality in (2) if follows that 2n ≤ N ≤ 2n+1. If E is a quotient ofOPn(1)⊕TPn(−1),
then necessarily N = 2n.
If E ∼= TPn(−1) ⊕ TPn(−1) then N = 2n + 1. If E is a quotient of TPn(−1) ⊕ TPn(−1) of rank k, then it follows that
N = k+ 1 by duality with the case OPn(1)⊕ OPn(1).
Finally, if E has a resolution 0→ OPn(−2)→ O⊕k+1Pn → E → 0, then it follows that 2n ≤ k ≤
(
n+2
2
)
− 1 and N = k by
duality with the case OPn(2). 
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